Abstract. The states formed by a superposition of the negative binomial states are introduced. The sub-Poissonian statistics and squeezing properties of the superposition states are studied in detail. Moreover, we obtain the ladder operator formalism of the superposition state and find that this state is a type of two-photon nonlinear coherent state. A scheme for the generation of the superposition state is also discussed.
Since Stoler et al introduced the binomial states (BSs) in 1985 [1] , the so-called intermediate states have attracted considerable attention from physicists in the field of quantum optics. They interpolate between different fundamental quantum states, such as the number, coherent and squeezed states, and reduce to them in two different limits. For instance, the BSs interpolate between the coherent states (the most classical) and the number states (the most nonclassical) [1] [2] [3] [4] [5] [6] , while the negative binomial states (NBSs) interpolate between the coherent states and geometric states [7] [8] [9] [10] [11] . The photon number distributions of the intermediate states are well known discrete probability distributions in probability theory: the BS corresponds to the binomial distribution, and the NBS to the negative binomial distribution.
Recently Barnett [12] introduced a definition of NBSs:
where |n is the usual number state, 0 < η < 1, M is a non-negative integer and α = √ 1 − η. He found that the NBS |α, M and the BS have similar properties if the roles of the creation operator a † and annihilation operator a are interchanged. The photon number probability distribution is associated with the probability that M photons are found, given that n are present and that the probability for successfully detecting any single photon is η . Mixed states with the photon number probability include those applicable to photodetection and optical amplification [13] .
Previously the nonclassical properties and algebraic characteristics of the NBSs have been studied in detail [14] .
In this paper we will investigate the superpositions of the NBS.
Let us first introduce the superposition state of the NBS as
where 0 < θ < 2π and N α,M,θ is the normalization constant. From equation (1) we can easily find the inner products
Using equations (3), the normalization constant is obtained as
Inserting equations (1) and (4) into (2) we obtain the expansion of the superposition state in the number states as
The photon number distribution of the superposition state is obtained as In a special case with θ = π 2 , the photon number distribution reduces to
which is identical to that of the state |α, M . When θ = 0 or π, the superposition state is either the superposition of even number states (we refer to this as the even NBS) or the superposition of odd number states (the odd NBS):
Thus the even and odd NBSs depend not only on θ but also on the parity of M.
The simplest way to investigate the statistical characteristics of the radiation field is to differentiate the generating function
with respect to the auxiliary real number λ. The factorial moments are defined as
From equation (9) we obtain the factorial moments F (1) and F (2) as
Then we can easily derive Mandel's Q parameter:
which measures the deviation from the Poisson distribution that corresponds to the coherent state with Q = 0. If Q < 0(>0), the field is called sub(super)-Poissonian. From equations (9)- (11), we can numerically calculate the Q function. Figure 1 shows a plot of the Q function against α for different θ and M. From equations (9)- (11), we see that the Q function is symmetric with respect to θ = π. Then only the range θ ∈ [0, π] is considered. We see that the Q function is equal to −1 when α = 0. This is easy to understand since both the negative binomial and the superposition states reduce to the number state in the limit α → 0, which can be seen from their definitions. From figure 1 we can see that there exists a critical point α c . When α < α c , the superposition state is sub-Poissonian; when α > α c the superposition state is superPoissonian. The value of α c increases as M or θ increases, and so the distribution is more sub-Poissonian in nature over a wider range. In addition, the Q function becomes more insensitive to M and θ as α becomes larger.
The quadrature operators X and Y are defined by
and their variances
obey Heisenberg's uncertainty relation
If either Var(X) or Var(Y ) is < 1 4 , squeezing occurs. In the present case, a is pure imaginary and a 2 is real. Thus, the variances of X and Y can be written as
From equation (5), the expectation values a and a 2 are obtained as ) represents the minimum-uncertainty states.
Using equations (16)- (18), we can investigate the squeezing properties. Figure 2 is the plot of Var(Y ) against α for different θ and M. As seen in figure 2 , the variance is insensitive to θ and M when α is large enough, and there also exists a critical point α c . When α > α c squeezing exists, and the critical point α c increases as θ or M increases. As θ or M increases, the squeezing degree is reduced and the squeezing range becomes narrower. From the definition of the superposition state, the state tends to a Fock state in the limit of α → 0. When θ = π , the Fock state is |M + 1 , but in other cases (θ = 0 and θ = π 2 ), it is |M . Therefore in figure 2(a) , the line of θ = π is higher than the other two lines in the limit of α → 0. , corresponding to minimum uncertainty states.
Next we try to find the ladder operator formalism of the superpositions of the NBSs. We know that the NBS is a nonlinear coherent state which satisfies the equation [14] √
where N = a † a is the photon number operator. The corresponding nonlinear function is √ N + 1 − M/(N + 1). From the above equation, we can see that the superposition state of the NBS |α, M, θ satisfies the equation
(20) This is the ladder operator formalism of the quantum state |α, M, θ . According to the definition of the two-photon nonlinear coherent states [15] 
we conclude that the superposition state of the NBSs is a twophoton nonlinear coherent state with the nonlinear function
In the last few years, the proposals for state engineering suggest that the NBSs [16] and consequently their superpositions [17] could be prepared by nonlinear optical and atom processes in the laboratory. The generation of the superposition of NBSs may be achieved in principle after making the field interact with two-level atoms. Now we discuss how to produce the superpositon state. Let the initial state of the field be a NBS |α, M . Under the free field Hamitonian ωa † a, the time evolution of the state is given by
This equation will be used later.
Assume that we have a cavity in which the NBS have already been prepared. The NBS can be generated in principle [14] . When the detuning between the atomic transition frequency and the cavity field frequency is much larger than the coupling constant, the effective Hamiltonian for the atom-field system is given by H e = λa † a|e e| (here λ is the effective atom-field coupling constant [18] ). We consider that an atom is prepared in the superpositon of the excited state |e and the ground state |g , i.e. the initial state of the atom is
[|g +exp(iφ)|e ]. Let the atom pass through a microwave field M 1 . So the initial state of the whole system is
From equation (22), after a given time t, we obtain the state of the system
where φ = φ − λtM. Then let the atom enter another microwave field M 2 , and it undergoes transformations as follows:
Thus the state of the system becomes
Finally we can perform a state-selective measurement on the atom. If the atom is in the ground state, after detection the cavity field collapses into the following superposition state of the NBSs:
up to a normalization constant. Here we have chosen λt = π by selecting the velocity of the atom. Thus the superposition of the NBSs with arbitrary relative phase φ is generated.
In conclusion, we have introduced a new series of states formed by superposition of the NBSs. The sub-Poissonian statistics and squeezing properties have been studied in detail and it is found that there exist critical points for the parameter α. We have also obtained the ladder operator formalism of the superposition state and found that this state can be considered as a two-photon nonlinear coherent state. This superposition state is a new member of the family of the twophoton nonlinear coherent states. Moreover, we have briefly discussed the scheme for the generation of the superposition state. Therefore, it may become possible to actually measure and study experimentally the nonclassical and nonlinear properties of this kind of superposition state.
